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Abstract 
The aim of this paper is to investigate the nonlinear free vibration behaviour of elastically supported carbon nanotube reinforced 
composite (CNTRC) beam subjected to thermal loading. The gradation of material properties in thickness direction of CNTRC 
are assumed as UD, FG-X and FG-Λ and are evaluated through a micromechanical model namely voigt (V) model. The bean is 
supported with two parameters Pasternak foundation with Winkler cubic nonlinearity. The higher order shear deformation theory 
(HSDT) with von-Karman nonlinear kinematics using modified C0 continuous model through Hamilton principle is employed to 
establish the integral form of the equation of motion of the beam. The dimensionless natural frequency for different volume 
fraction of carbon nanotube, amplitude ratios, CNTRC distributions, slenderness ratios, support conditions and foundation 
parameters is studied. The present outlined approaches are validated with the results available in the literature 
© 2016 The Authors. Published by Elsevier Ltd. 
Peer-review under responsibility of the organizing committee of ICOVP 2015. 
Keywords: Nanotube-reinforced composite beam, nonlinear free vibration, elastic foundation, voigt model 
1. Introduction 
The carbon nanotube (CNT) based functionally graded materials are being increasingly used in wind turbines, 
tissue engineering, thin films of shape memory alloys, nano-electromechanical systems, micro sensors, micro 
actuators, telecommunications and transport industry due to excellent mechanical, electrical and thermal properties 
by varying the distribution and composition of CNT. The beam composed of such  materials supported on elastic 
foundation are being increasingly used in operational activities of large transportation aircraft on runways, launching  
pad of missiles and tops, suspension systems in automobiles, ship and bridge structures etc.  
The study of the nonlinear vibration of the structure is utmost important as this plays a key role in the design of 
resonant-free structural components to prevent various types of failures. Thus, this topic has attracted many 
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researchers for optimum design of structures. The modeling and determination of the elastic foundation to obtain 
accurate response of overall structure is also a matter of concern in the practice. To represent the accurate behavior 
of practical foundation two parameters Pasternak with Winkler cubic nonlinearity has proved to be most useful and 
very useful for design perspective.  
  A considerable volume of literature is available on the linear and nonlinear free vibration response of 
geometrically nonlinear composite panels such as beam plate and shells supported with and without foundation 
subjected to thermo mechanical loadings using deterministic system properties. In this direction, most of studies on 
carbon nanotube-reinforced composites (CNTRCs) have focused on their applications and material properties [1–8].  
Various authors have published on linear and nonlinear vibration response of composite beam [9-13] and 
CNTRC beam   [14-19]. The above mentioned literatures are based on deterministic analysis. In the deterministic 
analysis, the mean value of material properties give only mean response and unaccounted deviation caused due to 
inherent material properties. 
2. Theoretical formulations 
2.1 Geometric configurations of functionally graded cntrc beam  
       Consider a CNTRC beam supported by nonlinear elastic foundation consist of linear and nonlinear spring 
foundation and shear foundation of length a and thickness h located in one dimensional plane with its coordinate 
definition and material directions of typical lamina in (x, z) coordinate system as shown in Fig. 1. 
The interaction between the beam and the supporting foundation follows the two parameters model (Pasternak-
type) with Winkler cubic nonlinearity as [21]. 
     
3
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2.2 Material properties of CNTRC beams  
     The uniform distribution (UD) and functionally graded distributions (FG-Λ, and FG-X) of carbon nanotubes 
in the thickness direction of the composite beams (z axis direction) are considered and shown in Fig. 2. In this figure 
the density of CNTs within the area is constant and the volume fraction varies through the thickness of the beam. In 
the present analysis an embedded carbon nanotube in a polymer matrix is used. Thus there is no abrupt interface 
between the CNT and polymer matrix in the entire region of the beam. It is assumed the CNTRC beams are made of 
a mixture of SWCNTs and an isotropic matrix. 
To evaluate the effective material properties of CNTRC employed extended rule of mixture based on the 
micromechanical approach. The effective Young’s moduli and shear modulus of CNTRC beams can be expressed as        
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The different distributions of the carbon nanotubes along the thickness direction of the nanocomposite beams 
depicted in Fig. 2 are assumed to be as follows:                              
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Fig.1 Geometry of CNTRC beam on resting on elastic foundation             Fig.2 Configurations of the CNTRC in composite beams                       
Similarly, the effective thermal expansion coefficients in the longitudinal and transverse directions (α11, α22) 
graded in the z direction can be expressed by the Shapery model [20]    
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It is assumed that the material properties of CNTs and matrix are the functions of temperature, so that the 
effective material properties of FG-CNTRCs, like Young’s modulus, shear modulus and thermal expansion 
coefficients, are also functions of temperature T and position z.  
2.3 Displacement field model 
For an arbitrary CNTRC beam the components of displacement field model can de expressed as the modified 
displacement field components along x and z directions of an arbitrary point within the beam based on the HSDT 
using C0 continuity can be expressed as Shegokar and Lal [28]  
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2.4 Strain displacement relation 
      The total strain vector consisting of linear strain (in terms of mid plane deformation, rotation of normal and 
higher order terms), non-linear strain (von-Karman type), thermal strains vectors associate with the displacement for 
CNTRC beam can be expressed as
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Where ^ `LH , ^ `NLH and ^ `TH  are the linear, non-linear and thermal strain vectors, respectively. The linear, 
nonlinear and thermal strain vectors can be written as  
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where [B] and ^ `q  are the geometrical matrix and displacement field vector,  1{ } 2
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and {αx} is 
coefficients of thermal expansion along the x direction, and T' is the change in temperature in the CNTRC beam 
considered as uniform and non-uniform type.                                                                        
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2.5 Stress- Strain relation 
  The relation between stress ^ `V and strain ^ `H  for the plane-stress case using thermo-elastic constitutive 
relation can be written as  
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2.6 Strain energy of CNTRC beam and strain energy due to foundation 
          The strain energy (
13 ) of the CNTRC beam undergoing large deformation can be expressed as  
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 2.7 Work done due to thermal loadings                                                                                                                                  
The potential of work  23 storage due to thermal loadings can be written as  
            22 01 ,23  ³ T xA N w dA                                                                                                                     
(14)
        
 2.8 Kinetic energy of the CNTRC beam                 
         The kinetic energy (T) of the vibrating FGM beam can be expressed as [21, 22]  
       
^ ` ^ `  2
0 2
1 1ˆ ˆ
2 2
hl
T T
v h
T u u dv z N NdzdxU U

  ³ ³ ³                                                                                          (15)        
3. Finite Element implementation 
       In the present study, a C0 one-dimensional Hermitian beam element with 4 DOFs per node is employed. For 
this type of element, the displacement vector and the element geometry are expressed as [21].   
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.Using finite element model Eq. (16), Eq. (10) can be expressed as 
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Where, NE and (e) denote the number of elements and elemental, respectively. 
Substituting Eq. (11) and Eq. (12) into Eq. (17), Eq. (17) can be further expressed as 
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Similarly, using finite element model Eq. (16), Eq. (13,14and 15) can be written as 
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4. Governing equation 
The governing equation for the nonlinear static analysis can be derived using Lagrange equation for a 
conservative system and can be written as  
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   By substituting the Eqs. (18-21), in Eq. (22) and simplification gives us 
            > @^ ` > @^ `0, K q M qMq Kq O                                                                                                            (23)          
With 2O Z where  Z  is defined as frequency of natural vibration. This eigenvalue problem is solved by 
employing direct iterative procedure. Initially, the linear response with normalized first mode is calculated by 
solving Eq. (23) with all nonlinear terms fixed to zero.  
 5.  RESULT AND DISCUSSION 
The nonlinear fundamental frequency of CNTRC elastically supported beam by varying different foundation 
parameters, support conditions, slenderness ratios, amplitude ratios, and temperature increments, UD, FG-X and 
FG-Λ distributed CNTRC with random system properties in MATLAB [R2010a] environment is investigated.   
5.1 Validation study  
The validation study of nonlinear to linear frequency ratio (R) and different CNTRC distributed beam resting on 
Pasternak elastic foundation in thermal environment are shown in Table 1. The present results using C0 FEM based 
on HSDT with von-Karman nonlinearity are in good agreement with Shen and Xiang [15] using HSDT based semi 
analytical approach. 
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Table 1: Validation table for nonlinear to linear frequency ration /NL LZ Z  for CNTRC beam resting on elastic foundation in thermal 
environment (The dimensionless frequency is defined as  20 0 0/ /NL a h EZ Z U , a/h=25, *cnV =0.28 
 
k1,  k2 T(K) CNRTC 
distribution 
 
0LZ  Wmax/h 
1.0 1.5 
 
 
 
 
 
(0,0) 
 
 
 
300 
UD Present 23.5698 1.1155 1.2465 
Shen and Xiang [15] 23.4774 1.1107 1.2352 
FG-Λ Present 19.5436 1.0389 1.0858 
Shen and Xiang [15] 19.9556 1.0398 1.0874 
FG-X Present 26.9164 1.0983 1.1913 
Present 27.1821 1.0837 1.1799 
 
 
500 
UD Shen and Xiang [15] 22.6109 1.1206 1.2569 
Present 22.4666 1.1178 1.2495 
FG-Λ Shen and Xiang [15] 19.3281 1.0390 1.0860 
Present 19.3026 1.0466 1.1021 
FG-X Shen and Xiang [15] 26.6578 1.0984 1.2113 
Present 25.6851 1.0913 1.1956 
 
 
 
 
 
(100,0) 
 
300 
UD Present 23.5701 1.1155 1.2465 
Shen and Xiang [15] 23.6439 1.1092 1.2322 
FG-Λ Present 19.5437 1.0389 1.0858 
Shen and Xiang [15] 20.1512 1.0412 1.0906 
FG-X Present 26.9165 1.0983 1.2113 
Shen and Xiang [15] 27.3261 1.0828 12322 
 
500 
UD Present 22.6113 1.1206 1.2569 
Shen and Xiang [15] 22.6405 1.1161 1.2461 
FG-Λ Present 19.3282 1.0390 1.0860 
Shen and Xiang [15] 20.3432 1.0529 1.1155 
FG-X Present 22.6579 1.0984 1.2113 
Shen and Xiang [15] 22.8237 1.1144 1.2427 
 
 
 
(100,10) 
 
 
300 
UD Present 24.3238 1.1066 1.2283 
Shen and Xiang [15] 23.8070 1.1078 1.2294 
FG-Λ Present 22.8503 1.0270 1.0602 
Shen and Xiang [15] 20.3424 1.0425 1.0934 
FG-X Present 27.6616 1.0917 1.1973 
Shen and Xiang [15] 27.4674 1.0520 1.1765 
 
 
 
 
500 
UD Present 23.3809 1.1106 1.2366 
Shen and Xiang [15] 22.8109 1.1144 1.2528 
FG-Λ Present 22.6656 1.0269 1.0599 
Shen and Xiang [15] 21.8757 1.0564 1.1230 
FG-X Present 27.4085 1.0916 1.1975 
Shen and Xiang [15] 25.9868 1.0892 1.1914 
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5.2 Parametric study 
The effect of foundation parameters, volume fraction, and temperature increments on frequency ratios of CNTRC 
beam is shown in Fig. 3(a)-(f). The frequency ratio for UD, FG-X, and FG-Λ distributed beam increases with 
increase the amplitude ratios, foundation parameters, and temperature increments. Among the given different 
CNTRC distribution, the frequency ratio of UD distributed CNTRC is highest for beam supported without elastic 
foundation while, frequency ratio of FG-X distributed CNTRC is highest for beam supported with elastic 
foundation.  
The effect of mode shape the amplitude –frequency curves of UD, FG-X and FG-Λ CNTRC distributed beam is 
shown in Fig. 4. Among the given four frequency mode shapes, the first mode shape shows highest amplitude. 
Therefore, it is concluded first natural frequency corresponding to first mode is utmost importance.   
 
 
                                 (a)                    (b)                                                                       (c) 
 
                                   (d)                                                                   (e)                                         (f) 
Fig.3- The effect of foundation parameters, volume fraction, and temperature increments on frequency ratios of CNTRC beam 
 
                                 (a)                                                                   (b)                                                                                   (c)                                                
Fig-4.The effect of mode shape the amplitude–frequency curves of (a) FG-X, (b) FG-X and (c) FG-Λ distributed CNTRC beam. 
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6. CONCLUSION 
A direct iterative based C0 nonlinear finite element method though HSDT with von-Karman kinematic are used 
to evaluate the statistics of nonlinear fundamental frequency of elastically supported CNTRC beam in thermal 
environments. The beam is composed of UD, FG-X and FG-Λ distributed CNTRC. The mechanical properties of 
CNTRC are calculated on the basis of micromechanical based mechanics of material model. The following 
conclusions are noted from the above study: The obtain result show that the CNT volume fraction has a significant 
effect on the frequency ratios curves of CNTRC beam. The frequency ratios of CNRTC beam supported without 
elastic foundation is higher than supported by elastic foundation. The frequency ratio for UD, FG-X, and FG-Λ 
distributed beam increases with increase the amplitude ratios, foundation parameters, and temperature increments. 
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